A comprehensive study is conducted to enhance the understanding of swirl injector flow dynamics at supercritical conditions. The formulation is based on full-conservation laws and accommodates real-fluid thermodynamics and transport theories over the entire range of fluid states of concern. Liquid oxygen at 120 K is injected into a supercritical oxygen environment at 300-600 K. Detailed three-dimensional flow structures are visualized for the first time in the pressure range of 100-200 atm. A smooth fluid transition from the compressed-liquid to light-gas state occurs, which is in contrast to a distinct interface of phase change at subcritical pressure. Dynamic behaviors of the oscillatory flowfield are explored using the spectral analysis and proper orthogonal decomposition technique. Various underlying mechanisms dictating flow evolution, including shear-layer, helical, centrifugal, and acoustic instabilities, are studied in depth. The hydrodynamic wave motions in the liquid-oxygen film are found to propagate in two different modes: one along the axial direction at the local wave speed; the other in the azimuthal direction and convected downstream at the mean flow velocity. Results show good agreement with the analytical prediction of the overall response transfer function of the swirl injector. The dominant mode of the azimuthal wave is triggered by the natural acoustic oscillation within the injector. Compared with the two-dimensional axisymmetric results, the calculated liquid-oxygen film is thicker and the spreading angle smaller due to the momentum loss and vortical dynamics in the azimuthal direction.
I. Introduction S WIRL injectors are widely used in many propulsion and powergeneration systems, including airbreathing engines [1,2] and liquid rockets [3] . The swirling motion induces outward spreading of the liquid film and produces a center toroidal recirculation zone downstream of the injector, thereby significantly improving mixing and combustion efficiency. Extensive experimental [4] [5] [6] [7] [8] studies have been conducted to examine the flow characteristics of swirl injectors, including spreading angle, liquid film thickness, and discharge coefficient, under various geometric and operating conditions. Kim et al. [9] studied the flow dynamics of liquid swirl injectors, with water as the working fluid. The spreading angle and breakup length of the liquid film issued from the injection exit were measured using direct photography, in the Weber number range of 170-1554 and pressure range of 1-40 bar. As the pressure increased, the spreading angle remained nearly constant until the breakup of the liquid sheet, and then it decreased slightly. The breakup length decreased with the increasing Weber number and pressure due to enhanced aerodynamic force. In addition, the spreading angle increased with increasing Weber numbers.
Kenny et al. [10] examined the effect of ambient pressure on water swirl injection using shadowgraphs. The measured film thickness and discharge coefficient increased with increasing pressure from 1 to 48 bar for a given mass flow rate. Chen and Yang [11] confirmed Kenny et al.'s results [10] by performing a combined theoretical and numerical analysis. They found that variations of the film thickness and spray angle with pressure were closely related to the modification of the velocity profile in the liquid film near the gas-liquid interface due to the alteration of shear stresses with pressure. A semiempirical model was developed to correlate the distributions of velocity and pressure near the gas-liquid interface, and good agreement with experimental observations was achieved.
Cho et al. [12] conducted experimental studies on the surface instability of a swirl injector with cryogenic fluid (liquid nitrogen) at both subcritical and supercritical conditions. Flow images were obtained using high-speed photography. The amplitude of the surface wave of liquid nitrogen was found to be much higher than that in water under the same operating conditions. The flow characteristics changed dramatically when the ambient pressure increased from a subcritical to a supercritical condition. The surface wave immediately downstream of the injector under subcritical conditions disappeared at supercritical pressures. Cho et al. [13] further investigated the dynamic behaviors downstream of the swirl injector at supercritical pressures using the proper orthogonal decomposition (POD) technique. Two different types of instabilities were found: a symmetric ring-shaped mode generated from the Kelvin-Helmholtz instability, and an antisymmetric-shaped mode created by the helical instability.
In spite of the effort made so far, the currently available data are not sufficient to fully illuminate the intrinsic mechanisms of the injector flow dynamics. Analytical and numerical tools are thus required to explore the details of the flow physics, especially under conditions in which experimentally measurements become challenging. Bazarov and Yang [14] studied the linear dynamics of a swirl injector. The flow oscillations in the liquid layer were characterized by a differential equation analogous to that of shallow-water wave propagation. The velocity fluctuations in the tangential entries were found to induce two different types of disturbance propagating downstream in the vortex chamber: one traveling in the axial direction at the surface wave speed, and the other traveling in the azimuthal direction and convecting in the axial direction at the local flow speed. A similar phenomenon was observed in gaseous swirl injection [15] . Ismailov and Heister [16, 17] performed both linear and nonlinear analyses to investigate wave reflection and resonance behaviors in a swirl injector using an abrupt convergence resonance model and a conical convergence resonance model. The primary resonance of the liquid surface wave in the vortex chamber corresponded to a quarter-wave oscillation. The influence of various parameters, including vortex chamber dimensions, convergence angle, nozzle length, injector flow rate, and pulsation magnitude, were carefully evaluated on resonant response characteristics.
The aforementioned analytical studies [14, 16, 17] were performed for inviscid, incompressible flows, and the effects of real fluids were not considered. Many realistic devices for propulsion applications, however, operate at pressures much higher than the critical points of the injected fluids. This produces a unique set of problems arising from the introduction of thermodynamic nonidealities and transport anomalies [18] . Zong and Yang [19] systematically studied the dynamics of liquid oxygen (LOX) in a swirl injector at supercritical conditions. An axisymmetric configuration was considered. The flow development was characterized by three different (i.e., developing, stationary, and accelerating) regimes. Hydrodynamic instabilities in the LOX film and acoustic oscillations in the gaseous core were analyzed in detail. Huo et al. [20] further studied the dynamic response of the flowfield to external forcing at the inlet. Although much information has been obtained from these studies, the underlying assumption of flow axisymmetry failed to capture azimuthal variations in flow properties and the vortex-stretching mechanism, which was responsible for the energy transfer from large-to small-scale structures in the flowfield.
Wang et al. [21] presented a numerical analysis of a simplex swirl injector and defined complex three-dimensional flow structures under supercritical conditions typical of contemporary rocket engines using cryogenic propellants. The present work extends Wang et al.'s analysis [21] and attempts to provide a more comprehensive investigation of the flow dynamics of a swirl injector in a threedimensional space. As a specific example, LOX is considered as the simulant. A unified theoretical and numerical framework based on a large-eddy-simulation technique is developed and implemented. Detailed three-dimensional flow structures within and downstream of the injector are characterized for the first time. The dynamic behaviors of LOX are explored using spectral analysis and proper orthogonal decomposition. Various underlying mechanisms dictating the flow evolution are carefully examined and compared to the classical theories.
II. Theoretical and Numerical Framework
The theoretical framework of the present study, which is capable of dealing with supercritical fluid dynamics over the entire range of fluid thermodynamic states of concern, was described by Oefelein and Yang [22] . Large eddy simulation was employed to achieve turbulence closure, with the Favre-filtered governing equations obtained by filtering small-scale motion. The influence of unresolved small-scale motions was modeled using the compressible-flow version of the static Smagorinsky model [23] . Thermodynamic properties, including density, enthalpy, and specific heats, were derived according to fundamental thermodynamics theories. A modified Soave-Redlich-Kwong equation of state was used to close the gradient terms in the thermodynamic formulation. Transport properties, including thermal conductivity and dynamic viscosity, were estimated by an extended corresponding-state principle [18] . The thermodynamic and transport properties were validated and implemented in previous studies [18, [24] [25] [26] .
The numerical framework contains a self-consistent and robust algorithm implementing a preconditioning scheme and a unified treatment of general fluid thermodynamics [27, 28] . It employs a density-based finite volume methodology along with a dual-timestep integration technique [29] . Temporal discretization is achieved using a second-order backward difference, and the inner-loop pseudotime term is integrated with a four-step Runge-Kutta scheme. Spatial discretization is obtained by a fourth-order central difference scheme in generalized coordinates. Fourth-order matrix dissipation as developed by Swanson and Turkel [30] is taken to ensure numerical stability and minimum contamination of the solution. Finally, a multiblock domain decomposition technique associated with the message-passing interface for parallel computation is applied to optimize the computational speed. Figure 1 shows schematically the simplex swirl injector treated in the present study; it mimics the inner swirler of the injector of the RD-0110 LOX/kerosene rocket engine [31] . The injector is a closed-swirl type, consisting of tangential inlets, a vortex chamber, and a discharge nozzle. The contraction angle between the vortex chamber and the nozzle is 45 deg. The baseline geometry and operating conditions are listed in Table 1 , where R v and R represent the radii of the vortex chamber and the discharge nozzle, respectively. L, L v , and L n represent the injector length, the vortex chamber length, and the distance between head and nozzle entrance, respectively. T in , T 0 , p 0 , and _ m denote the inlet temperature, ambient temperature, ambient pressure, and total mass flow rate, respectively. For reference, the critical temperature and pressure of oxygen are 154.6 K and 50.5 bar. LOX at a subcritical temperature (120 K) is delivered through six tangential inlets into the vortex chamber, which is initially filled with gaseous oxygen (300 K).
III. Injector Configuration and Boundary Conditions
The computational domain includes the injector interior (8.4R in the axial direction) and a downstream region (25R with 7.4R in the axial and radial directions, respectively). No-slip and adiabatic boundary conditions are applied at the injector surface. The swirl number is about 2.0. At the inlets, the azimuthal and radial velocities are determined from the given mass flow rate and swirl strength. The pressure is obtained from the radial momentum equation. Broadband Table 1 Baseline geometry and operating conditions noise with a Gaussian distribution is superimposed onto the inlet velocity components to provide the incoming flow structure. The disturbances are produced by a Gaussian random number generator with an intensity of 5% of the mean quantities, which is sufficient to trigger the instability inherent in the flowfield. At the downstream boundary, nonreflecting boundary conditions based on the characteristic equations [32] are applied to avoid undesirable wave reflection by extrapolation of primitive variables from the interior region. A reference pressure is applied to preserve the average pressure in the computational domain.
IV. Grid-Independence Study
The baseline mesh system has 5 million cells, of which 1.7 million cells are located within the injector. The meshes are clustered near the wall, in the mixing layer, and immediately downstream of the injector to resolve steep gradients in these regions. The smallest grid size in the radial direction is 5 μm, as compared to the Taylor scale of 8.4 μm at the injector exit. The computational domain is divided into 636 blocks, with each computed on a single processor. The physical time step is 10 −6 s and the Courant-Friedrichs-Lewy number is 0.4.
To ensure an appropriate level of accuracy of the predicted flow physics, a grid-independence study was performed. Because considerable computing resources are required for a finer threedimensional grid system, an axisymmetric study was conducted with identical grid resolution in the radial and axial directions. Periodic boundary conditions were specified in the azimuthal direction. A finer mesh, which doubled the number of cells in both axial and radial directions, was studied as the comparable case. It was noted that the axisymmetric simplification could not capture the azimuthal flow variations and vortex-stretching mechanism, but important injector characteristics and unsteady flow features, including hydrodynamic and acoustic instabilities, were predicted [33, 34] . Figure 2 shows the radial distributions of the mean density ρ, temperature T, and velocity components (u x and u θ ) for the two grid systems at the injector exit. The maximum deviation of all flow properties is less than 5%. The relative errors of the spreading angle and liquid film thickness are below 3%, and the frequency spectrum of the pressure field indicates identical dynamic behaviors. Therefore, the baseline grid system is believed to be sufficient to capture the main characteristics of the LOX injection and mixing process.
V. Results and Discussion
A. Supercritical Fluid Regions Figure 3 shows the instantaneous distribution of oxygen density in both the longitudinal and transverse views. The strong swirling motion and its associated centrifugal force produce a large pressure gradient in the radial direction, causing the LOX film to flow along the injector wall. A low-density gaseous core forms in the center region due to the conservation of mass and angular momentum. The density varies smoothly in the radial direction from a liquid state near the wall to a gaseous state in the core region.
Identification of the transition between the liquid and gaslike fluid states presents some interesting problems. Figure 4 shows the densitytemperature (ρ-T) diagram over the pressure range of 20-200 atm. At subcritical pressures (p < 49.8 atm), a distinctive liquid/gas transition occurs at the fluid boiling point. The corresponding density gradient shown in Fig. 4b is infinite. At supercritical pressures, the abrupt transition disappears. The density varies continuously with temperature along an isobaric line. To facilitate the discussion, a fluid-state transition is therefore defined to take place in the region where the density gradient is not less than 90% of its maximum magnitude. Figure 4 shows the transition region (green lines) connecting the liquid state (blue lines) with the gaseous (red lines) state. The transition region becomes wider with increasing pressure, but it degenerates to a sharp interface when the pressure decreases to a subcritical value. For p 100 atm, the upper and lower bounds of density for the transition region are 645 and 450 kg∕m 3 , respectively. Figure 5 shows the temporal evolution of the density fields on three different transverse planes along the axial axis from the vortex chamber to the discharge nozzle. The area enclosed by the two solid black curves represents the transition region. It is relatively small in the vortex chamber (x∕R 3.7) and becomes wider as the LOX film convects downstream. In the downstream region, the shape of the transition region becomes more corrugated due to the shear-layer instability. Figure 6a shows a snapshot of the density field coupled with two density isosurfaces (ρ 532 and 250 kg∕m 3 ). The thickness of the LOX film in the vortex chamber is much larger than that in the discharge nozzle due to the flow acceleration through the converging section and the conservation of mass. The density isosurfaces are corrugated by hydrodynamic instabilities and exhibit complicated wavy structures. Figure 6b shows the isosurface of the azimuthal velocity at 4 m∕s on the gaseous side (see Fig. 2 ). The central gaseous core is highly wrinkled. Helical instability is observed near the injector exit and disappears further downstream due to viscous damping and turbulent dispersion. shows a snapshot of the vorticity magnitude in different cross sections. The flow evolution exhibits several distinct features, which are similar to those described by Chen and Yang [11] and Zong and Yang [19] . The flowfield in the injector can be divided into four different regimes radially: the wall, free vortex, transition, and forced vortex regions. In the wall region, strong vorticity is produced in the boundary layer. A free vortex is observed next to the wall, where the angular momentum u θ r is constant. The tangential velocity u θ is inversely proportional to the radial distance r, as shown in Fig. 2 . In the forced vortex region close to the centerline, on the other hand, the angular velocity remains nearly constant and the tangential velocity is proportional to the radial distance. The transition region connecting the free vortex and forced vortex regions induces the tangential velocity to change smoothly, and a significant vorticity layer is produced in this region. The vorticity layer then exits from the injector, passing off the rim. It subsequently rolls, tilts, stretches, and breaks up into small eddies. These eddies interact and merge with the surrounding flow and finally dissipate further downstream. According to the radial momentum balance,
B. Instantaneous Flowfield
where f c represents the centrifugal force. The decrease of the azimuthal velocity causes the pressure to recover in the downstream region. The resultant positive pressure gradient decreases the axial velocity in a phenomenon commonly known as vortex breakdown. This creates a center recirculating flow and leads to the rapid dispersion of vorticity in the injector near field. Figure 8 shows the temporal evolution of streamlines, spatially averaged in the azimuthal direction, during a typical flow evolution period. The time increment between the snapshots Δt is 0.06 ms, and the data collection begins after the flow reaches its stationary state. At t Δt, three large bubbles exist downstream of the injector. Small bubbles separate from their parents in the vortex core (t 3Δt), travel downstream, and eventually coalesce with large vortex bubbles in the downstream region.
Vorticity dynamics plays an essential role in the determination of flow motion. The vorticity budget is therefore examined to identify the major mechanisms responsible for vorticity production and destruction under supercritical conditions. The transport equation for vorticity magnitude takes the form
where Ω is the vorticity, and τ is the viscous stress tensor. The four terms on the right-hand side represent the effects of vortex stretching/ tilting, volume dilatation, baroclinic torque, and viscous dissipation, respectively. For a cryogenic fluid under supercritical conditions, steep property variations occur when the injected fluid is heated by the ambient gas. The ensuing volume dilatation and baroclinic torque are significant in determining vorticity transport. Figure 9 shows the radial distributions of the azimuthally averaged vorticity budget normalized by the bulk velocity and momentum thickness at three different axial locations. Here, the bulk velocity and momentum thickness are taken at the injector exit. Vortex stretching and tilting dominate the shear-layer vorticity production in the vortex chamber (x∕R 1) and discharge nozzle (x∕R 5). In the injector near field (x∕R 9), however, both volume dilatation and baroclinic torque become significant in the outer shear layer, where the LOX film mixes with ambient gaseous oxygen.
C. Flow Instability and Wave Characteristics
As shown in Fig. 6 , the LOX film is intrinsically unstable and features three-dimensional hydrodynamic instability waves. Figure 10 shows the isosurface of the azimuthal velocity at 22 m∕s within the LOX stream, with the physical domain in the azimuthal direction unwrapped. Generally, a flow variable can be expressed by a Fourier series in the cylindrical coordinate system (x; r; θ): Gx; r; θ; t X ∞ m−∞ g m x; r; te imθ (3) Fig. 8 Temporal evolution of streamlines spatially averaged in the azimuthal direction: Δt 0.06 ms, and p 100 atm. where g m is the Fourier coefficient, and m is the azimuthal wave number. Note that m 0 represents the axisymmetric mode, and the others (m ≠ 0) represent the helical modes. In the vortex chamber (x ≤ 10.4 mm), three helical waves coupled with small-scale structures are observed, as evidenced by the three major structures around x 5 mm (marked by white arrows), indicating that the helical mode m −3 dominates the flowfield. It will be shown that this specific helical mode is triggered by the acoustic wave with the same frequency. In the discharge nozzle (x ≥ 10.5 mm), the higher axial velocity accelerates the spiral structure, leading to the bendover of the wave shape. The helical waves are distorted by the strong shear layer between the LOX film and gaseous core. To further explore the underlying flow physics, hydrodynamic waves in the axial and azimuthal directions are analyzed separately. Figure 11 shows the temporal evolution of the density isosurface at ρ 532 kg∕m 3 , located in the interfacial layer between the liquid and gaseous oxygen (see Fig. 2 ). A spiral shape forms in the vortex chamber, whereas a cone-shaped surface is produced with ligaments in the discharge nozzle. (See Figs. 3 and 6 for the injector profile.) This shape change is related to the Kelvin-Helmholtz (KH) shearlayer instability in the flow transition region. The flow motion is swirl dominated with low axial momentum in the vortex chamber, and hence the axial KH instability is relatively weak and induces a smooth isosurface. The LOX film accelerates rapidly through the converging nozzle, rendering a strong KH instability in the discharge nozzle. The baroclinicity resulting from the misalignment of the density and pressure gradients also contributes to the flow instability. The respective significance of these effects can be seen in the vorticity budget, as shown in Fig. 9 .
The disturbance wave speed can be determined empirically. For an inviscid, incompressible flow, neglecting the radial velocity and assuming an infinitesimal film thickness compared to the wavelength, the form of the wave speed bears a close resemblance to that for shallow-water wave propagation [14] , and it is expressed explicitly as Here, u in (20 m∕s), R in (3.5 mm), and r m represent the inlet velocity, swirling arm, and radius of the liquid film surface, respectively. Also, r denotes the radius of the injector (R v in the vortex chamber and R in the discharge nozzle). The computed wave speed in the vortex chamber (r m 1.61 mm) and discharge nozzle (r m 1.94 mm), from Eq. (4), are 80 and 25 m∕s, respectively. These wave speeds do not rely on the disturbance frequency, although Ismailov and Heister [35] found that implementing the classical Kelvin's dispersion relation between the angular frequency and wave number caused the wave speed to decrease slightly with increasing frequency. As shown in the next section, the dominant frequency of the disturbances is 0.9 kHz. The actual wave speeds in both the vortex chamber and the nozzle are smaller than those predicted by Eq. (4) because the disturbance frequency effect is neglected. Figure 12 shows the temporal evolution of the density field at x 10 mm on the transverse plane. A trace of the wave crest in the flow transition region (denoted by the dotted line) in a single period shows that the characteristic frequency of the helical mode m −1 is 1.6 kHz. The azimuthal wave speed in the transition region is estimated to be 27.4 m∕s. The frequencies of all helical modes thus become f m jmj × 1.6 kHz; m 1; 2; 3; : : :
Thus, the frequency of the dominant helical mode m −3 shown in Fig. 10 is 4 .8 kHz.
D. Injector Flow Dynamics
The injector flow dynamics involve a wide range of time and length scales. Quantitative information can first be obtained using power spectral analysis. Figure 13 shows the selected probe positions in the LOX film data acquisition. They are well distributed in the vortex chamber and discharge nozzle, as well as immediately downstream of injector. Figure 14 shows the time histories of pressure fluctuations at probes 1, 8, 10, and 11 along the flow passage, where t 10 ms refers to the start of the acquisition of statistically meaningful data. The pressure oscillates periodically at these locations, with lowfrequency components dominant in the flowfield. High-frequency components become more prominent at probe locations 10 and 11, where the shear-layer instability is significant. Figures 15 and 16 show the power spectral densities of pressure oscillations at various locations along the injector. The data were collected after the flow reached a statistically stationary state, over a time span of 8 ms. Flow instabilities were quantified and decomposed into various modes. High-frequency modes with small wavelengths were largely confined in the vortex chamber because of wave reflection between the head end and conical convergent section, Fig. 11 Temporary evolution of density isosurface at ρ 532 kg∕m 3 , Δt 0.06 ms, and p 100 atm. Fig. 12 Temporal evolution of density field at x 10 mm (x∕R 3.7), Δt 0.06 ms, and p 100 atm. Fig. 13 Probe positions within the LOX.
whereas low-frequency modes with long wavelengths could be transmitted to the discharge nozzle. Many of the flow disturbances thus remained in the vortex chamber, and the amplitude of wave motion decayed considerably as the waves traveled downstream. The dominant mode at a frequency of 0.9 kHz was observed within the injector. This frequency corresponded to the most amplified overall response of the injector with interactions of the tangential inlets, vortex chamber, and discharge nozzle.
Bazarov and Yang [14] suggested that the overall response function of a swirl injector Q inj could be represented by the transfer characteristics of individual element of the injector:
where
, and Q n are the transfer functions of the tangential inlets, nozzle entrance, vortex chamber due to surface waves, vortex chamber due to vorticity waves, and discharge nozzle, respectively. The averaged gaseous core radius at the head end is r he . The explicit expressions of the elementary transfer functions were described by Bazarov et al. [3] . Ismailov and Heister [35] modified these transfer functions by improving the accuracy of wave speeds. Figure 17 shows the amplitude of the overall injector response as a function of the The injector can be acoustically treated as a quarter-wave resonator, with a closed head end and an open exit. The fundamental frequency of the acoustic motion is determined by the following equation:
where L is the injector length; c is the speed of sound; and Δl is the correction factor, which is usually taken as 0.6R. In the present study, the oxygen goes from subcritical to supercritical along the radial direction. The speed of sound changes accordingly. Figure 18 shows the speed of sound in oxygen as a function of temperature for given pressures. It first decreases, reaches a minimum at the phase transition, and then increases with increasing temperature. The average speed of sound within the whole injector, estimated as 470 m∕s, is used to compute the acoustic frequency, which can be seen from Eq. (7) to be 4.8 kHz. The acoustic wave identifies and resonates with the helical mode m −3 at the same frequency (4.8 kHz) in the vortex chamber. This explains the flow pattern of the three major structures seen in Fig. 10 .
As the liquid oxygen exits the injector, flow instabilities develop due to the strong interactions of the outer shear layer and the center recirculation zone. When these waves reach a certain energy level, they roll up into vortices. The initial vortex shedding frequency f i is determined by the characteristics of the exit velocity profile [36] :
where the Strouhal number St i ranges from 0.044 to 0.048 for turbulent flows, and the momentum thickness θ 0 is nearly 0.135 mm at the injector exit. The mean axial velocity U is around 20 m∕s. The predicted initial vortex shedding frequency is 6.5 kHz, which is comparable to one of the peak values (7.0 kHz) in Fig. 16 . As vortices move downstream, they interact and merge to oscillate at the subharmonics of the initial vortex shedding frequency. The cutoff frequency, also known as the preferredmode frequency f p [36] , exists when the pairing process is terminated further downstream. Note that f p is characterized by a preferred-mode Strouhal number (St p 0.25-0.5), nozzle radius R, and mean velocity U. The calculated f p ( St p U∕R) is 3.7 kHz, which is comparable to 3.2 kHz in Fig. 16 and falls roughly in the second subharmonic mode of the initial frequency f i .
The injector flow dynamics are further explored using the proper orthogonal decomposition technique to extract dynamically significant structures from the flowfield of concern [37] . For a given flow property [fx; t], the POD analysis can determine a set of orthogonal functions [φ j x, j 1; 2; : : : ], such that the projection of fx; t onto the first n base functionŝ fx; t fx
has the smallest error, defined as Ekf −fk. Here, x is the spatial coordinate in the three-dimensional space and a j t represents the temporal variation of the jth mode. E⋅ and k ⋅ k denote the time average and L 2 -norm in the space, respectively. The scalar function f can be extended to a vector F by introducing an appropriate inner product. A more complete discussion of this subject can be found in [38] ; the present work focuses primarily on the oscillating pressure field. The POD analysis was conducted for the entire three-dimensional (3-D) flowfield within the injector. A total of 333 snapshots were acquired with a time interval of 30 μs between two consecutive snapshots (compare to the time step of 1 μs in the numerical simulation). The frequency resolution covers a range of 0.1-33 kHz. Figure 19 shows the energy distribution of the POD modes according to the oscillatory pressure field. Mode 1 occupies 74% of the total energy, and the first six modes take more than 80% of the total energy of the oscillatory field. Figure 20 shows the frequency spectra of the time-varying coefficients a j t of these modes. The first three modes have the same peak frequency of 0.9 kHz and are closely related to hydrodynamic instability waves representing the most significant injector responses, whereas the other three modes share the dominant frequency of 4.8 kHz, which represents acoustic motion. Figure 21 shows the spatial distribution of the first six POD modes of the oscillatory pressure field on a longitudinal plane. The first mode exhibits a descending trend along the axial direction with a maximum at the head end. The second and third modes show a pattern similar to that of the first mode, but with much weaker strength and different phase angles. The fourth, fifth, and sixth modes also have a similar shape, but with different phase angles, and are closely related to the acoustic and helical waves, as discussed previously, with the characteristic frequency of 4.8 kHz. Figure 22 shows the spatial distributions of modes 1 and 4 on the transverse plane. The nearly uniform pressure distribution of mode 1 implies that the disturbance propagates mainly in the longitudinal direction. The well-organized structure of mode 4 with three distinctive wave lengths further confirms the existence of the helical mode of m −3.
E. Effects of Flow Conditions
The effects of pressure and temperature on the injector dynamics are studied. Table 2 lists the five cases of concern. Cases 1-4 are at different conditions, with the same three-dimensional geometry. Case 5 has the same operating conditions as case 2, but with an axisymmetric configuration. Figure 23 shows the distributions of the azimuthally averaged mean density for cases 1-4. The density in the gaseous core increases with pressure, whereas it decreases significantly as the temperature varies from 300 to 600 K. At p 200 atm, the minimum density of oxygen in the chamber exceeds 260 kg∕m 3 . Figure 24 shows the corresponding density gradient fields. The transition of the fluid state near the LOX film surface is clearly observed. The radius of the gaseous core decreases with increasing pressure. The region of steep density gradient extends to a broader area downstream of the injector as the pressure increases. As the chamber temperature changes from 300 (cases 1-3) to 600 K (case 4), the density variation decreases considerably, but the central gaseous core grows significantly.
Under supercritical conditions, the distinct interface between the liquid and gas phases commonly observed at subcritical pressure is replaced by a continuous transition region. The liquid film thickness thus cannot be clearly defined. Huo et al. [20] introduced two different ways to identify the film thickness for a given axial location. One was based on the distance between the surface of maximum density gradient and the injector wall along the radial direction h ρ . The other was the distance between the surface of the critical temperature and the injector wall h T . Table 2 lists the LOX film thickness at the injector exit using both definitions. The film thickness based on the critical temperature is higher than that based on the maximum density gradient, although the trend of its variation with pressure is similar. The film thickness increases slightly with increasing pressure for the 3-D cases. Figure 25 extracts the location of the maximum density gradient in the radial direction as a function of axial coordinate. The difference in film thickness at various pressures is relatively small for the 3-D cases. The LOX film in the axisymmetric case (case 5) is thinner than that in the 3-D case (case 2). The viscous loss through the swirling passage in the injector is lower in case 5, leading to higher axial and radial momentum fluxes. The liquid film thickness is therefore thinner because of the conservation of mass. Figure 25b also provides information on LOX film spreading, which is an indication of liquid atomization and mixing. Here, the spreading angle is defined as twice the angle between the dotted symbols and the axial centerline in the chamber. The chamber pressure has negligible influence, although the spreading angle decreases slightly with increasing temperature. It is noteworthy that the axisymmetric study (case 5) yields a much higher spreading angle than the 3-D studies (cases 1-4). Table 2 lists the spreading angle calculated from velocity components at the injector exit: α tanu θ ∕u x . The computed angles for the 3-D studies are larger than that for the axisymmetric study. This discrepancy suggests that the angle obtained from velocity components may not properly represent film spreading. Instead, the angles visualized from the curves of maximum density gradient exhibit the physical behavior of spreading and are useful for exploring the influences of various parameters.
VI. Conclusions
A comprehensive investigation of LOX swirl injector flow dynamics has been performed at supercritical conditions. A unified theoretical and numerical framework for general fluids was implemented, along with the large-eddy simulation technique. The complex 3-D flow structures were presented for the first time. Unlike the interface between liquid and gas at subcritical pressure, a smooth fluid transition region was identified at supercritical pressure. Various flow instability mechanisms, including shear-layer instability, acoustic instability, centrifugal instability, and helical instability, were evaluated using the spectral analysis and proper orthogonal decomposition techniques. Hydrodynamic instability was found to play a dominant role in flow oscillations across the injector, and the corresponding characteristic frequency determined by numerical simulations showed good agreement with the prediction of the analytical response transfer function of a swirl injector. The helical mode m −3 resonated with the acoustic wave at 4.8 kHz and amplified itself significantly as compared to other modes. The converging section reflected the waves back into the vortex chamber and only allowed some of waves with long wavelengths to be transmitted to the discharge nozzle.
A parametric study was also conducted to examine the influence of flow conditions and geometry on the injector characteristics. The gaseous core decreased with increasing pressure. The liquid film thickness increased slightly with pressure. An axisymmetric study produced a smaller film thickness and larger spreading angle than 3-D studies due to the lack of flow dynamics in the azimuthal direction and lower momentum loss. The spreading angle defined by the maximum density gradient provided a more physical interpretation of liquid spreading than the conventional definition of the ratio of axial and tangential velocity components. The spreading angle was nearly independent of the pressure. The results reported here provide a basis for future research on the mixing and combustion of swirling flows at supercritical conditions. 
